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It is pointed out that in the band theory of magnetism the magnons have frequencies comparable to the 
Fermi energy. Therefore, in the calculation of the magnon spectrum of iron, nickel, cobalt, etc., it is the 
time- or frequency-dependent response function of the electrons which is used, and this function-in con-
trast with the static response function-does not have a "Kohn kink" at q=2kp. But it is found that in the 
intermediate-coupling regime (exchange force in the range Ep to !Ep) the magnons have a small range of 
momenta near q=kp where their velocities may be zero or negative, and it is shown how this part of the 
spectrum may be easily calculated, or approximated analytically. 
T He present paper draws attention to a possible range of negative magnon velocities in some 
band-theoretic ferromagnets. The work was initially 
motivated by an article of Frikkee and Riste, l who found 
what seemed to them evidence for a Kohn anomaly2 in 
the spin-wave spectrum of ferromagnetic 3d transition-
series metals. Their experiment consisted of inelastic 
neutron scattering on an alloy, Co(91%)Fe(9%), the 
data indicating a break at magnon wave vectors of mag-
nitude approximately 
qo= O.07X27f/a. (1) 
Although the experimenters state that (1) is related to 
the diameter of the Fermi surface (FS), they do not 
attempt to extract the size or shape of the latter from 
the experiment because of various uncertainties and 
ambiguities. Later work seems to have cleared up some 
of the difficulties; in private communication to the 
present author, Frikkee states that a plausible explana-
tion for their results now requires invoking the Fermi 
wave vectors of the 4s electrons, and this may well be 
the case. As we shall discuss below, a simple model of 
the 3d magnetic electrons simply cannot lead to a 
"Kohn kink" in the magnon spectrum (a region of 
infinite group velocity) but may, under the proper cir-
cumstances, predict a small region of zero and negative 
group velocity of the magnon spectrum. At first, we 
though t this was an explana tion of the above experiment. 
At the present time, it no longer appears that the two 
are related. But it would be of interest if such a region 
of zero and negative group velocity were experimentally 
discovered in one of the transition ferromagnets, as a 
senstitive experimental test of some aspects of the band 
theory of ferromagnetism. We shall find that in the 
intermediate-coupling regime only (Stoner gap-parame-
ter in the range O.9SEF <Ll<1.33EF ) the magnon 
spectrum has a maximum at 
(2) 
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as shown in Fig. 1 and a small negative-velocity region 
thereafter, before merging into the continuum. 
Before discussing the band theory of magnetism it is 
instructive to review the indirect-exchange theory of 
magnetism, which is valid for the rare-earth metals but 
not for the transition-series metals. There the localized 
spins (atomic 4-f shells) interact via the medium of 
conduction electrons. The response of the electronic 
medium to what is essentially a time-independent per-
turbation (the recoil energy of a mag non in the rare 
earths is negligible compared to the Fermi energy E F) is 
given by the static response function 
(3) 
which has infinite slope at precisely q= 2k F , otherwise 
known as a Kohn anomaly. The crystal-structure 
parameters and umklapp must still be taken into 
WAVE VECTOR 
FIG. 1. Schematic plot of magnon energy versus wave vector, 
indicating maximum (zero velocity) at q1, very near maximum 
magnon wave vector at 3kptJ./4Ep; the separation of these two 
points is greatly exaggerated in the figure to display negative ve-
locity region. (A more accurate plot for tJ.=Ep is in Fig. 2 of 
Ref. 8.) The wave vector ql is shown in the text to be in the range 
0.7 kF <ql <kp for all the values of tJ. for which a region of negative 
velocities is predicted. 
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account before the magnon spectrum can be known,3 
but in the process the branch-cut singularity is pre-
served. The reader who is more familiar with the origi-
nal formulation of this theory by Ruderman and Kittel4 
will recall that this anomaly shows up there as the 
"Friedel oscillations" of the Ruderman-Kittel inter-
action as a function of the distance between localized 
spins. Unfortunately, none of these simple indirect-
exchange theories of magnetism applies to the iron tran-
sition-series elements, for the simple reason that the 
magnetic electrons are not localized, and indeed have a 
well-defined band structure, electrical conductivity, 
specific heat, etc. 
To understand the experiment of Ref. 1 it is therefore 
necessary to appeal to one of the current-band theories 
of ferromagnetic transition metals. Various extant 
theories5 of magnons for this case have recently been 
reviewed by Thompson6 and by Herring7 and while 
there is no universal agreement among the various 
authors, nevertheless a common theme may be said to 
run through these works: the idea that the magnons are 
propagating, collective oscillations of the medium of 
magnetic electrons, and that therefore it is the time-
dependent or dynamic response of the electrons which 
matters. The dynamic-response function which replaces 
(2) no longer has any vestige of a branch point at 2k F , 
for either of two reasons: (a) in strong-coupled ferro-
magnets the excitation energies of the individual par-
ticles making up the collective mode, and of the wave 
itself, are all of the order of the Stoner gap parameter A 
which exceeds E F ; therefore the retardation effects can 
not be ignored even in lowest approximation. It is then 
found (see below) that no vestige of the singularity at 
2kF remains. Or, (b) in weak-coupled ferromagnets 
(A<EF) the magnons only exist over a range of wave 
vectors q<0.75 kF, the modes for higher wave vectors 
being just the usual particle-hole continuum excitations 
of the Fermi sea (such as indicated by the shaded 
portion of Fig. 1 but displaced to longer wavelengths). 
Thus no magnons exist at 2kF and the question of the 
Kohn anomaly in the weak-coupled ferromagnets does 
not even arise. 
In searching for the region of phase space where 
magnons have negative velocity we use a simple model 
previously discussed at some length.8.9 Earlier, numeri-
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cal calculations8 have not indicated the existence of 
any maximum for A:$0.95 E F; for A=EF they have 
definitely revealed such a maximum,6.8 occurring at 
ql = 0.72 kF • For A in the range 
(h2kF2/2m=EF):$A~tEF, (4) 
the maximum occurs very near to ql given by Eq. (2) 
above. For A>tEF there is again no maximum, and the 
magnon frequency w(q) is a monotonically increasing 
function of q until such point as it merges with the con-
tinuum and disappears. The results (2) and (4) taken 
together imply ql is always less than k F • They are ob-
tained by studying the equations for the magnon 
energy9: 
2kFqh2/3mA=L(Q) , (5) 
where 
(h2q2 ) Q=kFqh2/m A+ 2m -hw(q) , (6) 
and 
11+QI L(Q)=Q-L!(Q-Ll) In - . 
1-Q 
(7) 
These are the equations appropriate to A?- E F • Using 
(5) and (6) we obtain the magnon energy and velocity 
in forms more suitable for analysis: 
hw(q) = A{1-3L(Q)/2Q+9L2(Q)A/16EF} , (8) 
and 
dw hkF 
v(q)=-=-{ -Q-l+L/Q2L'+3AL/4EF } , (9) 
dq m 
where L'=aL/aQ. The point where the magnons merge 
with the continuum corresponds to Q= 1, hence L= 1 
by Eq. (7). Insertion into (5) gives q=0.75 kFA/EF as 
the wave vector, and hw(q) = (9A!16EF-!)A as the 
energy of this point. Magnons below the continuum 
have Q< 1. We may calculate the negative region of (9) 
to lowest order in (l-Q), as it will be very close to 
where the magnons merge with the continuum. Thus 
Q~L~l, but L'~ln(2/1-Q). Thus the negative-
velocity range is approximately given by 
1>Q>1-2 exp[-( 4EF)] (10) 
4EF -3A 
for any value of the Stoner gap parameter in the range 
(4). The absence of negative velocities in strong- or 
weak-coupling means that in the event it is experi-
mentally observed, this phenomenon would approxi-
mately determine the coupling constant. 
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